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Shock waves in a dusty plasma
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In the present paper, shocks in a dusty plasma are studied. A set of macroscopic shock equations are
introduced in which the charge on the dust particles and the electrostatic potential in the dusty plasma have
been taken into account. It is found that two shock modes may exist in a dusty plasma. One that is called the
fast mode corresponds to an acoustic wave and the other, called the slow mode, corresponds to a dust-acoustic
wave. The results show that the electrostatic energy of dust particles affects the shock speed and shock heating.
The shock speed of the slow mode is found to be strongly dependent on the nondimensional dust density
parameterp. In a tenuous dust plasma ofp!1 for the slow mode, the flow of energy as the shock heats is
mainly converted into thermal energy of the dust particles; for the fast mode, the plasma heating may be
reduced and partly transferred into an increase of the charge on the dust particles when they cross the shock.
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I. INTRODUCTION

Dusty plasma, a medium consisting of micron and sub
cron particles, exist in space, in the earth’s atmosphere
planetary rings, in the interstellar medium, etc., and also
man-made environments such as some production proce
rocket exhausts, and in many laboratory experiments.
dust particles in a plasma become electrically charged
interact with each other, as well as with the ions and el
trons of the plasma. The charge on the particles depend
their radius and chemical composition, and also on th
physical environment, and it varies with changes in its en
ronment. A study of dusty plasma has led to the discovery
different wave modes, instabilities, and crystallizati
~‘‘plasma crystals’’! etc. @1#. The supersonic flow in a dust
plasma and shocked dusty plasma by some wave modes
also been studied@2,3#. The Mach cones, orV-shaped distur-
bances created by supersonic objects in dusty plasma
predicted @4,5# and recently detected in laboratory dus
plasma in a state of crystalline Coulomb lattice@6#. In the
present paper, the general character of shocks in a d
plasma is investigated. We include the charge on the d
particles and the electrostatic potential of a dusty plas
Indeed, the electrostatic energy of the dust particles may
major part of total energy and play an important role for t
dynamics of the dust particles that may have an effect on
shock by its energy conversion.

We consider plane shocks moving in a dusty plasma
direction normal to the plane of the shock~Fig. 1!. The fluid
undergoes a discontinuity in the fluid and also the elec
static parameters. The macroscopic conservation equa
integrated across the shock give a set of equations rela
the fluid properties on either side, which is independent
the interior structure of the shock. In Sec. II this set of m
roscopic equations is introduced and used to study the sh
modes. The shock speed and shock heating are studie
Secs. III and IV, respectively, and the results are discusse
Sec. V.
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II. SHOCK MODES IN A DUSTY PLASMA

We study a dust plasma that contains three compone
negatively charged dust grains, electrons, and positive io
The ions and electrons are assumed to be closely couple
each other due to frequent collisions. On the other hand,
dust grains may be discoupled from the plasma due to w
collision effects because of their large mass and, in so
cases, also because of their low-number density comp
with ions and electrons. We therefore use a model in wh
the plasma fluid and the dust grain fluid are dealt with se
rately.

The dust particles move together with the plasma stre
at the same velocity in the unshocked region. They enter
front of the shock with a velocityU1 ~Fig. 1!. From the
conservation of mass and momentum equations, one fi
the jump conditions for the ion-electron fluid across t
shock to be

J$V%2$U%50, ~1!

$P%1J$U%1 r̄$F%1F̄$r%50, ~2!

and for the dust fluid

Jd$Vd%2$Ud%50, ~3!

$Pd%1Jd$Ud%1 r̄d$F%1F̄$rd%50. ~4!

FIG. 1. A plane shock moving in a dusty plasma where the fl
and electrostatic parameters undergo a discontinuity.
©2001 The American Physical Society07-1
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Here, $A%5(A22A1) is the usual notation for a shock, th
subscripts 1 and 2 stand for the undisturbed and shoc
fluid, respectively, a subscriptd stands for the dust grain
component.V, Vd the specific volume, is the reciprocal o
the mass densityV51/nmi , Vd51/ndmd ; J5U/V, Jd
5Ud /Vd is the flux density;P, Pd the thermal pressure;F
the electrostatic potential; andr, rd the charge density, an
a bar is for an average

r̄5
r21r1

2
, F̄5

F21F1

2
.

Equations~1!–~4! may be looked upon as a set of line

FIG. 2. Electrostatic potential and dust charge density of a d
cloud in hydrogen plasma varies as a function of the parametep.
Curve one is forrd /n0e, curve two foreF/kBT, and curve three for
rdF/n0kBT.
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homogeneous equation of the variables$V%, $U%, $Ud%,
and $F%. A condition for the nonzero solution of Eqs.~1!–
~4! is

U J 21 0 0

$P%

$V%
J 0 r̄1F̄

$r%

$F%

$Pd%

$V%
0 Jd r̄d1F̄

$rd%

$F%

0 0 21 Jd

$Vd%

$F%

U50. ~5!

Using the condition of charge neutralization in the fluid, i.
r52rd , we find from Eq.~5!

a2 $Vd%

$F%
J41S r̄d1F̄

$rd%

$F%
1a2$Vd%

$F%

$P%

$V% D J21S r̄d

1F̄
$rd%

$F% D $P1Pd%

$V%
50, ~6!

where

a5
Jd

J
,

is the ratio between the flux density of the dust partic
stream and the plasma stream.

The solution of Eq.~6! is

st
J6
2 5

2S r̄d1F̄
$rd%

$F%
1a2 $Vd%

$F%

$P%

$V% D
2a2$Vd%

$F%

6

AF S r̄d1F̄
$rd%

$F%
1a2 $Vd%

$F%

$P%

$V% D
2

24a2S r̄d1F̄
$rd%

$F% D $Vd%

$F%

$P1Pd%

$V% G
2a2$Vd%

$F%

. ~7!
3
In a dusty plasma, it is convenient to introduce a dime
sionless parameterp defined by@7#,

p5
ndadkBT

n0e2
,

which is related to the ratio of dust space charge to the e
tron space charge, wheread is the radius of the dust par
ticles, kB is the Boltzmann constant,e is the electronic
charge, andn0 refers to the common plasma density val
whenF50. A dusty plasma is tenuous in dust whenp!1
and dense whenp@1. The local electrostatic potentialF
will, in the following, be calculated by Eq.~14!. The dust
particle chargeqd5adC is related toC, which is the dust
surface potential relative to theF plasma potential.C may
-

c-

be calculated by Eq.~13!. In Fig. 2, the curves 1, 2, and
show rd /n0e@5pFC(p)#, eF/kBT, and rdF/n0kBT as a
function of the parameterp for a dusty hydrogen plasma.

For the shocks $nd%.0, $V%,0, $Vd%,0, $P%
.0, $Pd%.0, and$T%.0, one finds that$F%,0, $p%.0,

$P%

$V%
,0,

$Pd%

$V%
,0,

$Vd%

$F%
.0,

and
7-2
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S r̄d1F̄
$rd%

$F% D5
$rdF%

$F%
,0.

We can see that there are the two positive solutions of
~7!. It means that there are two shock modes in a du
plasma. They are called thefast modefor J5J1 and slow
modefor J5J2 , and corresponds to the acoustic wave a
the dust-acoustic wave, respectively, as will be seen in
next section.

III. SHOCK SPEED IN A DUSTY PLASMA

WhenP@Pd , we find from Eq.~7!

J1
2 52

$P%

$V%
1

1

a2

$rdF%

$Vd%

$Pd%

$P%
, ~8!

and

J2
2 52

1

a2

$rdF%

$Vd%
S 11

$Pd%

$P%
j D , ~9!

here,

j55 1 if U$P%

$V%
U@U 1

a2

$rdF%

$Vd%
U ,

2
$P%

$V% F 1

a2

$rdF%

$Vd%
G21

if U$P%

$V%
U!U 1

a2

$rdF%

$Vd%
U .

A weak shock may be treated as a perturbation of
isotropic process. Assuming that the plasma and the
particles are perfect gases, one has

$P%

$V%
52

Cs
2

V2
,

and

$Pd%

$Vd%
52

Cd
2

Vd
2

,

where Cs5(gPV)1/2 is the speed of sound andCd
5(gdPdVd)1/2, where g is the ratio of the special heats
Then, it may be found from Eqs.~8! and ~9! that

J1
2 5

Cs
2

V2 S 12
Cd

2

Cs
2

$rdF%

$P% D ~10!

and

J2
2 5

Cd
2

V2 S $rdF%

$Pd%
1

$rdF%

$P%
j D . ~11!

First, we discuss the fast mode of Eq.~10!. According to
Cs

2/Cd
25mi /md and Eqs.~13!, ~14!, and ~16! for a tenuous

dust cloud withp!1, we have thatrdF;pP and we find
06640
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2/Cs

2)($rdF%/$P%);(mi /md)p!1. For a dense
dust cloud with p@1 and rdF;P, we find
(Cd

2/Cs
2)($rdF%/$P%);(mi /md)!1. The second term in the

right-hand side of Eq.~10! may be neglected and we hav
the shock speed

U1
2 5J1

2 V2>Cs
2 . ~12!

This means that the shock speed of the fast mode is the s
of sound. It is the same as that in a normal plasma flow. T
dust particles have not affected the shock speed of the
mode.

For the slow mode, due toP@Pd and uju<1, the first
term in the bracket in the right-hand side of expression
~11! is much larger than the second term that may be
glected. The density of the electric energyrdF may be cal-
culated by using the following rational function approxim
tions for the dust and plasma potentials@7#

eC

kBT
5

a01a1p

11b1p1b2p2
[FC~p!, ~13!

eF

kBT
5

c1p1c2p2

11d1p1d2p2
[FF~p!. ~14!

We further have that

qd5adC5
adkBT

e
FC~p! ~15!

and

rdF5pFC~p!FF~p!n0kBT. ~16!

For a weak shock, one has

$rdF%

$Pd%
5

d~rdF!

dPd
.

Using Eq.~16! and treating the shock as an isotropic proce
from Eq. ~11! we find the shock speed of the slow mode
be

U2
2 5J2

2 V25Cd*
2H 1

pFC
2 ~p!

d@pFF~p!FC~p!#

dp

1
FF~p!

pFC~p! S 12
1

gd
D J . ~17!

Here,Cd* is the velocity of the dust-acoustic wave@8#

Cd*
25vd

2lD
2 ,

where, vd
254pndqd

2/md , 1/lD
2 51/lDe

2 11/lDi
2

'4pn0e2/kBT.
Figure 3 shows the speed of slow mode shock, in units

the dust-acoustic wave velocity, as a function of the para
eterp of Eq. ~17!. Three case are calculated: the solid line f
a hydrogen ion~proton! plasma, the dashed line for a sing
7-3
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ionized oxygen (O1) plasma, and the dashed-dot line for
doubly ionized sulphur (S11) plasma, respectively. The co
efficients in Eqs.~13! and~14! for the three cases are show
in Table I andgd55/3 is assumed.

It can be seen from Fig. 3 that the speed of the slow m
shock depends on the parameterp.

IV. SHOCK HEATING IN A DUSTY PLASMA

A jump condition of the shock from the energy equati
is

H S I 1
1

2
U2D J1S I d1

1

2
Ud

2D Jd1~P1rF!U1~Pd

1rdF!UdJ 50. ~18!

The internal energy density per mass unit of the plasm
given by

I 5
PV

~g21!
, ~19!

and the internal energy density per mass unit of the char
dust particle is

FIG. 3. The speed of the slow mode shock in a dust plasma~in
terms of the velocity of dust-acoustic waveCd* ), as a function of
the parameterp, based on Eq.~17!. The solid line is for hydrogen
plasma, the dashed line for single-ionized oxygen (O1) plasma,
and the dashed-dot line for double-ionized sulphur (S11) plasma.
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I d5
1

Md

qd

4pad
1

PdVd

~gd21!
. ~20!

For simplicity, we use a tenuous dust plasma ofp!1 as an
example to show how the electrostatic energy of the du
particles affect the shock heating. We will, in the following
discuss details of the two different models separately.

A. Slow mode shock

In this case, the shock speed is in a region ofCs@U1
.U2 . The internal energy of the plasma should not be a
fected by the shocked fluid due to the shock speed be
much less than the thermal velocity of the plasma particl
Therefore,

$T%>0, ~21!

$I %>0, ~22!

and from Eq.~15!

$qd
2%5S adkBT

e D 2

$a0
2%>0. ~23!

We have used that for a tenuous dust plasma ofp!1 then
FC(p)5a0. FromFF(p)5c1p, for the tenuous dust plasma
one has

rdFUd

Ud
2 Jd

5
ad~kBT!

e2
a0c1p!1, ~24!

and

rFU

U2 J
5

ndmd

nmi

Cd
2

U2
a0c1p!1. ~25!

We then find from Eqs.~18!–~25!

H S gdCd
2

gd21
1

Ud
2

2 D Jd1
U2

2
JJ 50. ~26!

We may now show that for a slow mode, the flow energy
converted by the shock into thermal energy of the dust p
ticles. We have from Eq.~26! that

Td2

Td1
5F11

~gd21!

2gd
S 11a2

1

r 2
2a

1

r d
2D GM d

2 , ~27!

wherer 5U1 /U25D2 /D1, and r d5Ud1 /Ud25Dd2 /Dd1 is
the compression ratio of the plasma and the dust, resp
TABLE I. The coefficients in Eqs.~13! and ~14! for three cases of dusty plasma~Zi is the ion charge
number andAi is the atomic weight!.

Zi Ai a0 a1 b1 b2 c1 c2 d1 d2

1.0 1.0 22.50 20.764 1.09 0.120 21.26 20.210 1.04 0.112
1.0 16.0 23.61 21.07 1.11 0.0838 21.83 20.246 1.14 0.0956
2.0 32.0 23.43 20.509 0.686 0.0138 21.10 20.0666 1.13 0.0364
7-4



e.
e-
h

y
E

of
f

n

o

e
t

y
is
h

s
w-

rre
s

ma.
stic

ted
to a

ock
ve-

gle
ust
ma
as a

an-

les
low
ock
s an

o-

ked

ust

rtly
are
-
e

ode

SHOCK WAVES IN A DUSTY PLASMA PHYSICAL REVIEW E64 066407
tively, Md5U1 /Cd1 is the dust Mach number in region on
Sincer and r d.1, gd.1, the large square in the parenth
ses in Eq.~27! will be larger than one. Since also the Mac
number is larger than one, we find that the dust gas may
greatly heated when it crosses a slow shock.

B. The fast mode shock

In this case,U1@Cs1, and the plasma will be heated b
the shock. For the tenuous dust plasma, we have from
~23! that

$qd
2%5S ada0

e D 2

$~kBT!2%. ~28!

Equations~18!–~20! combined with Eqs.~24!, ~25!, and
~28! gives

g Cs1
2

g21
1~11a!

U1
2

2
1

a

Md
S qd1

2

4pad
1Wd1D 5

g Cs2
2

g21
1

U2
2

2

1
a

Md
S qd2

2

4pad
1Wd2D 1a

Ud2

2
. ~29!

Dividing Eq. ~31! by CS1
2 and for a tenuous dust plasma

p!1 neglectingWd(5PdVd /gd21), the thermal energy o
the dust particles, we find

T2

T1
5

11
~g21!

2g S 11a2
1

r 2
2a

1

r d
2D

~11ad!
M 2, ~30!

here, M5U1 /Cs1 is the plasma Mach number in regio
one. If a50, that is, no dust in the plasma, Eq.~30! will
describe the case of a ordinary plasma heated by a sh
The factord in the denominator of Eq.~30! is

d5
ua0u
4p

mi

Md
$Zd%, ~31!

where $Zd%5uqd2u/e2uqd1u/e is the change of the charg
number on a dust particle when it crosses the shock. For
tenuous dust plasma

$Zd%5ua0u
adkB~T22T1!

e2
, ~32!

and it can be seen that$Zd%@1 due to the plasma heating b
the shock. Equation~30! shows that the plasma heating
reduced due to the charge increase of the dust particles w
they cross the shock.

V. CONCLUSION AND DISCUSSION

From the above, it can be seen that a shock in a du
plasma differs from that in an ordinary plasma in the follo
ing ways.

~1! There are two shock modes in a dusty plasma co
sponding to two wave modes. The fast mode correspond
06640
be
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the acoustic wave, which also exists in the ordinary plas
The other, slow mode, corresponds to the dust-acou
wave, which is unique for the dust plasma@10#. In experi-
ments, a Mach cone pattern in a dust crystalline layer crea
by the slow mode has been observed, corresponding
shock speed of 23 mm/s@6#.

The shock velocity of the slow mode of Eq.~17! may be
rewritten as

U2.2.3 Tevadm
21q21/2H FF~p!

FC
2 ~p!

d@pFF~p!FC~p!#

dp

1
FF

2 ~p!

FC~p! S 12
1

gd
D J 1/2

~m/s!. ~33!

Here,Tev is the plasma temperature in electron volt,adm is
the dust average radius inmm, andq is the dust specific
weight. This equation gives a relationship between the sh
velocity and the dust and plasma parameters. The shock
locity may be measured, for example, by the opening an
of a Mach cone created by a body moving through the d
plasma. This will lead to information on the dust and plas
parameters. This idea has been suggested to be used
diagnostic method in space experiment such asCASSINI to
the Saturn@4,9# and in dusty plasma experiments@5#, to
obtain information on dust plasma conditions where one c
not, or may with difficulty, obtainin situ observations.

~2! The electrostatic energy of the charged dust partic
will affect the shock process and its properties. For the s
mode, as was shown in Sec. III, it determines the sh
speed. For the fast mode, as was shown in Sec. IV, it ha
effect on the energy conversion of the shocked flow.

~3! An equation, derived from the above set of macr
scopic Eqs.~1!–~4! and~18!–~20!, which corresponds to the
hydrodynamic equation known as theRankine-Hugoniot
equation describing the energy conversion of the shoc
flow, is now

$ I%1
1

2
~P11P2!$V%1

a

2
~Pd11Pd2!$Vd%1a$ I d%50.

~34!

Here,

a$I d%5a
a0

2

4p

ad

Mde2
~kT1!2F S T2

T1
D 2

21G . ~35!

The second and third terms of Eq.~34! are negative as in
normal shocks, the fourth one, which comes from the d
charge variations, is positive as shown by Eq.~35!. This term
describes how the flow of energy is now converted pa
into electrostatic energy of the dust particles as they
charged up. AssumingT151 ev, a radius of the dust par
ticle ad51 mm, anda052.50 as in a hydrogen plasma, on
obtains

a$I d%51.093103
nd1

2ni1
P1V1F S T2

T1
D 2

21G .
Compared with the other terms of Eq.~34!, this has a con-
siderable effect on the energy balance in the fast m
7-5
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F. LI AND O. HAVNES PHYSICAL REVIEW E64 066407
shock. This energy may, in principle, also be transferred i
other forms of energy, for example, causing the electric fr
mentation of the dust grain.

~4! In this paper only the charged particles are conside
For a partly ionized plasma, the collisions with neutrals m
have an effect on the shock. In the Appendix, we comp
the effect of collisions with neutrals with that of the electr
field and find that these collisions may have a small effect
the shock over a wide range of the parameters.
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APPENDIX

For an incompletely ionized plasma, the effects of co
sions with neutrals may affect the shock. It may change
shock model and it will also affect the shock structure wh
the mean free path of the neutrals are smaller than or c
parable with the shock thickness.

Taking the collisions with the neutrals into consideratio
the momentum equation of the plasma fluid becomes

D
dvW

dt
1¹•PW 2rEW 1Dn in~UW 2Un

W !50, ~A1!

wheren in describes the ion-neutral coupling
06640
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,

n in52.41pS mimn

mi1mn
D 1/2 Dn

mimn
eap

1/2. ~A2!

Here, ap is the polarizability of the neutral species,ap
58.04310225 cm3 for H2 , Dn , andmn is the density and
the mass of the neutrals respectively@11#. Comparing the last
and the third term on the left-hand side of Eq.~A1! and using
Eqs.~16!, ~A2!, and Table I, we obtain the ratio of the co
lision term to the electric field term for a hydrogen plasma
is

Re50.9083102103
12h

h
3b3TS3Du, ~A3!

whereh5n/2N is the ionization fraction of the plasma (n/2
is the density of ionized atoms andN the density of ionized
plus neutral atoms!, b5miU

2/kBT is the ratio of fluid en-
ergy to the thermal energy, characteristic time of shockTS
5L/U (L the characteristic length of shock! in units of sec-
ond, andDu5uU2Unu/U, the relative velocity difference o
the neutrals to the plasma. Effects of collisions with neutr
is negligible if Re!1. It could happen in a rather wide rang
of the parameters. In dust experiments, we generally h
that h>1027, while the other parameters are of the order
one, so Re!1. In planetary ringsh;1 and Re will also be
!1. However, in interstellar molecular clouds, we may ha
h;1028, while Ts@1 so that collisions with neutrals ma
have a large effect.
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